completely determined, up to approximate inner equivalence, by its action at the level of the extended invariant from [16] . This is Theorem 2.1 below.
Contrary to the case where both the target and the domain algebra are simple, in our case, we have natural obstructions against the lifting of some morphisms between the invariants. These obstructions are discussed, and we describe exactly which morphism between the Elliott Invariants (as well as between the extended invariants from [16] ) that can be lifted to Ã-homomorphisms between the algebras. For details see Theorem 3.3 below.
For C Ã -algebras in c T of real rank zero, the Elliott Invariant reduces to the K-groups of the algebras and, by [8] , any positive, order unit preserving map between the K-groups of two such algebras lift to a Ã-homomorphism between the C Ã -algebras. In section 4 we show that not all positive, order unit preserving maps between the K-groups of two simple C Ã -algebras in c T lift to Ã-homomorphisms .
Finally, by applying our results to the special case where the domain algebra is CT, we obtain a classification, up to approximate unitary equivalence, of the unitary elements in simple C Ã -algebras from c T . For details see Theorem 5.1 below.
The author wish to thank the referee for shortening the proof of Lemma 2.2.
Preliminaries
Let c T denote the class of all unital C Ã -algebras which are inductive limits of sequences of finite direct sums of circle algebras. If A in c T is simple and infinite dimensional, it can be realized as an inductive limit of a sequence of finite direct sums of circle algebras with injective connecting Ã-homomorphisms (Theorem 1.1 of [16] ). Throughout, when dealing with a simple infinite dimensional C Ã -algebra in c T , we will assume that it has been realized in this manner.
When A is a unital C Ã -algebra, UA will denote the unitary group and DUA the closure of its commutator subgroup. Then UAaDUA is a metrizable complete topological group in the quotient metric
where Q X UA 3 UAaDUA denote the quotient map. We let & X K 0 A 3 Aff T A denote the natural map and q X Aff T A 3 Aff T Aa&K 0 A the induced quotient map. @ also induces the quotient topology on Aff T Aa&K 0 A. Given a a ij P M k A s for some k P N, then a P Aff T A will denote the element 3 U 3 k i1 3a ii Y 3 P T A. When A P c T , DUA U 0 A, K 1 A 9 % 0 À UA Á , K 0 A 9 % 1 À UA Á , cf. [18] , and the map
is a well-defined embedding, which identifies Aff T Aa&K 0 A with U 0 AaDUA, cf. [20] and [16] . It follows that we have an exact sequence
where % A Qu u u I Y u P UA. Moreover, by Lemma 3.1 of [16] , this sequence is split exact and ! A is an isometry with respect to the metrics d A and D A . A unital Ã-homomorphism 9 X A 3 B between unital C Ã -algebras induces in a natural way a contractive homomorphism 9 X UAaDUA 3 UBaDUB between the unitary groups modulo the closure of their commutator subgroups. Moreover, when A and B are from the class c T , the action of 9 at the level of K 1 can be recovered from 9
as the map between the groups of connected components.
Let A lim
À3
fA n Y " n g be an inductive limit of a sequence of finite direct sums of circle algebras. Then (cf. Lemma 3.2 and Lemma 3.3 of [21] ) the order unit space Aff T A is the inductive limit
and the canonical map Aff T A n 3 Aff T A is the map d " IYn . Similarly, UAaDUA is the inductive limit, in the category of complete metric groups, of the sequence
where the canonical map UA n aDUA n 3 UAaDUA is the map "
IYn . This will be used freely in the following.
Uniqueness
We will prove the following theorem, which is the counterpart of [16] Theorem B.
Theorem 2.1. Given AY B P c T with B simple. Let 9Y 2 X A 3 B be two unital Ã-homomorphisms. Then 9 and 2 are approximate inner equivalent if and only if 9 Ã 2 Ã on K 0 A, 9 Ã 2 Ã on T B and 9 2 on UAaDUA.
It is possible to give an example of a simple unital C Ã -algebra in c T which has an automorphism that is not approximately inner, although has the same action as the identity map on the K-theory and the tracial state spacecf. section 5 of [16] . Thus, in general, it does not suffice in Theorem 2.1 that the Ã-homomorphisms 9 and 2 have the same action on the K-theory and the tracial state spaces. To prove the theorem we will isolate two lemmas. Lemma 2.2. Let AY B be unital C Ã -algebras with B simple and T B T Y. Let 9Y 2 X A 3 B be two unital Ã-homomorphisms . If 9 Ã 2 Ã on TB, then ker 9 ker 2.
Proof. Given a P A, then by assumption (9a Ã a (2a Ã a for all ( P T B. Since all traces on B are faithful (B is simple) it follows that 9a 0 if and only if 2a 0. Lemma 2.3 below is an adaptation of Elliott's uniqueness theorem for Ã-homomorphisms between finite direct sums of interval algebras, Theorem 6 of [9] , to the case of Ã-homomorphisms from finite direct sums of interval algebras to finite direct sums of circle algebras.
Given A È K j1 CX M n j a finite direct sum of circle (i.e. X T), respectively interval algebras (i.e. X 0Y 1). The canonical generators cgA of A consist of the standard system of matrix units of È K j1 M n j together with the unitary, respectively selfadjoint element id, id, Á Á Á Y id. When A is a finite direct sum of interval algebras, we let ca 0 A be the set consisting of the images in A of the canonical selfadjoint generator of the center of each of the summands C0Y 1 M n j Y j 1Y Á Á Á Y K. When A is a finite direct sum of circle algebras, cuA denotes the set consisting of the unitaries
Lemma 2.3. For every n P N there is a finite set of functions G C0Y 1 with the following property: When A is a finite direct sum of interval algebras, B a finite direct sum of circle algebras, 9Y 2 X A 3 B unital Ã-homomorphisms and b 0 such that
T BY a 0 P ca 0 AX Then there is a unitary u P UB such that H k , we can treat each summand separately. In particular we can reduce to the following three cases^the case (i) where A H k is a finite direct sum of interval algebras, the case (ii) where A H k is a finite direct sum of circle algebras and the case (iii) where A H k is finite dimensional. In the latter case, the theorem follows from the well-known fact that two unital Ã-homomorphisms from a finite dimensional C Ã -algebra into a unital C Ã -algebra with cancellation in K 0 are inner equivalent. So what is left is case (i) and (ii); Case (i): Adopt the notation from Lemma 2.3. Choose n P N such that sponding to the choice of n. Since B is simple and 9 " IYk 0 is injective, we can find b 0 such that commutes. Here r Á X T Á 3 SK 0 Á denotes the pairing map and e 9 X Aff T Aa&K 0 A 3 Aff T Ba&K 0 B the homomorphism induced by 9 0 and 9 T . Let iA denote the following extension of the Elliott Invariant
Then a compatible tuple can be considered as a morphism iA 3 iB. When 9 0 X K 0 A 3 K 0 B is a positive homomorphism and 9 T X T B 3 T A a continuous, affine map, compatible with 9 0 . Then the map e 9 X Aff T Aa&K 0 A 3 Aff T Ba&K 0 B is contractive w.r.t. the metrics d A and d B . Let É X UAaDUA 3 UBaDUB be a group homomorphisms for which the first square of the diagram commutes. Then, because ! A and ! B are isometries, it follows that É is contractive. Further, since K 1 A and K 1 B are the groups of connected components in UAaDUA and UBaDUB, respectively, it follows that É induces a group homomorphism 9 1 X K 1 A 3 K 1 B such that the entire diagram is commutative. Suppressing the Ã-isomorphisms arising from the split exactness of the rows, UAaDUA 9 Aff T Aa&K 0 A È K 1 A and UBaDUB 9 Aff T Ba&K 0 B È K 1 B, É decomposes into four homomorphisms
where É 11 e 9, É 21 0, É 22 9 1 and É 12 can be any homomorphism K 1 A 3 Aff T Ba&K 0 B. Conversely, any homomorphism of this form makes the entire diagram commutative. It follows that if EA denotes the Elliott Invariant, i.e.
then iA is a natural extension of EA in the sense that any morphism iA 3 iB restricts to a morphism EA 3 EB and, conversely, any morphism EA 3 EB extends (although not necessarily in a unique way) to a morphism iA 3 iB. Let AY B be unital C Ã -algebras. By the tracial scale of A we will mean the cone
A continuous affine map 9 T X T B 3 T A will be said to be scale preserving when its dual map 9 T Ã satisfies that
Using this, it is easy to see that when AY B are unital C Ã -algebras and A is simple, then any continuous, affine map 9 T X T B 3 T A is scale preserving. When A is not simple, however, this is no longer the case, cf. Example 3.6.
Given a continuous, affine map 9 T X T B 3 T A, we let I 9 T A denote the closed two-sided ideal
and let % X A 3 AaI 9 T denote the quotient map.
Lemma 3.1. Let AY B be unital C Ã -algebras. Given a continuous, affine map
there exists a unique Markov operator 0 X Aff T AaI 9 T 3 Aff T B such that the following diagram is commutative. Moreover, 0 is faithful, and if 9 T is scale preserving, then so is 0.
Proof. For any unital C
Ã -algebra D, let D 0 D s denote the subset of elements x À yY xY y P D s , for which there exists a sequence fd i g D with
[5] and [1] . Let 0 X Aff T AaI 9 T 3 Aff T B be defined by
homomorphisms into simple limits of circle algebrasBy Proposition 3.7 of [5] , %A 0 AaI 9 T 0 . Therefore if d %a 0, there exist b P A 0 and x x Ã P I 9 T such that a b x. Hence 9 T Ã a 9 T Ã d b x 9 T Ã x 0, by Cauchy-Schwartz. So 0 is well-defined, and clearly 01 1.
In the following we will make extensive use of the fact that the class c T is closed when taking quotients, if this is not clear to the reader, he is urged to look at Lemma 3.11.
A compatible tuple 9 0 Y 9 T Y É is said to be strongly compatible if there exist a group homomorphism È X UAaI 9 T aDUAaI 9 T 3 UBaDUB such that commutes, and a positive homomorphism 0 0 X K 0 AaI 9 T 3 K 0 B such that commutes and such that 0 Ã and 0 0 are compatible, i.e.
where 0 Ã X T B 3 T AaI 9 T is the dual of the map 0 from Lemma 3.1. As the following lemma shows, a compatible tuple is strongly compatible if and only if, as a morphism iA 3 iB, it factorizes through iAaI 9 T . Lemma 3.2. Let AY B P c T . Assume that there is a positive homomorphism 9 0 X K 0 A 3 K 0 B, a continuous, affine map 9 T X T B 3 T A, and a group homomorphism É X UAaDUA 3 UBaDUB such that the tuple 9 0 Y 9 T Y É is strongly compatible. Then there exist a (unique) faithful Markov operator 0 X Aff T AaI 9 T 3 Aff T B, a positive, faithful homomorphism 0 0 X K 0 AaI 9 T 3 K 0 B and a group homomorphism È X UAaI 9 T a DUAaI 9 T 3 UBaDUB such that 9 T Ã 0 %, 9 0 0 0 % 0 , É È % and such that the tuple 0 0 Y 0 Ã Y È is (strongly) compatible. Moreover, if 9 0 is order unit preserving, then so is 0 0 , and if 9 T is scale preserving, then so is 0.
Proof. The existence of the maps follows from the definition of strongly compatibility and from Lemma 3.1, except that we have to check that 0 0 is faithful and that ! B 0 È ! AaI 9 T , where0 X Aff T AaI 9 T a &K 0 AaI 9 T 3 Aff T Ba&K 0 B is the well-defined map induced by the compatible maps 0 and 0 0 . Let p P M k AaI 9 T be given and assume that 0 0 p 0. Then for all 3 P T B X 0 r B 30 0 p 0 p3, thus, since 0 is faithful, p 0. Consider the diagram The two triangles, the upper inner square and the outer square commutes. Because% is surjective, it follows that so does the lower inner square. When 9 0 is order unit preserving, then 1 B 9 0 1 A 0 0 % 0 1 A 0 0 1 AaI 9 T , so 0 0 also preserves the unit.
When AY B P c T and B is simple, then for any unital Ã-homomorphism 2 X A 3 B the dual map 2 Ã is scale preserving. Moreover, because B is simple, ker 2 I 2 Ã , and it follows that the tuple 2 0 Y 2 Ã Y 2 is strongly compatible. Our goal here is to prove the following existence theorem, which can be considered as the counterpart of Theorem A of [16] . Theorem 3.3. Let AY B P c T be unital C Ã -algebras with B simple and infinite dimensional. Let 9 0 X K 0 A 3 K 0 B be a positive, order unit preserving homomorphism, 9 T X T B 3 T A a continuous, scale preserving, affine map and É X UAaDUA 3 UBaDUB a group homomorphism. Then there exists a unital Ã-homomorphism 2 X A 3 B such that 2 Ã 9 0 on K 0 A, 2 Ã 9 T on T B and 2 É on UAaDUA if and only if the tuple 9 0 Y 9 T Y É is strongly compatible. Moreover, if 2 exists, then ker 2 I 9 T .
As an immediate corollary of Theorem 3.3, we have the following.
homomorphisms into simple limits of circle algebrasCorollary 3.4. Let AY B P c T be unital C Ã -algebras with B simple and infinite dimensional. Let Ã 9 0 Y 9 T Y 9 1 X EA 3 EB be a morphism between the Elliott Invariants. Then Ã is liftable to a unital Ã-homomorphism 2 X A 3 B if and only if 9 T is scale preserving and Ã factorizes through AaI 9 T , i.e. there is a morphism À X EAaI 9 T 3 EB such that commutes.
Remark 3.5. Unlike the case considered in Theorem A of [16] , in the present situation when given a liftable morphism 9 0 Y 9 T Y 9 1 X EA 3 EB, not every extension of 9 0 Y 9 T Y 9 1 to a morphism 9 0 Y 9 T Y É X iA 3 iB needs to be liftable, cf. Example 3.9.
Before proving Theorem 3.3 let us show that neither the condition of scale preservingness nor the conditions making up the strongly compatibility can be relaxed. In all the examples the domain algebra A will be CT and the map 9 0 Y 9 1 X K Ã A 3 K Ã B will be positive w.r.t. the ordering on
Example 3.6. Let A CT and let B P c T be simple with K 0 B Q as ordered group with order unit 1, K 1 B 0 and Aff T B R È R as order unit space with order unit 1Y 1. Such an algebra exists by Theorem 4.2 of [23] . Now let 9 0 X K 0 A 3 K 0 B be the only order unit preserving map and let 9 1 X K 1 A 3 K 1 B be the zero map. Choose Borel measures "Y # on T such that supp" supp# T and such that supp" supp# is a proper subset of T.
Then the tuple 9 0 Y 9 T Y É is strongly compatible, since 9 T Ã is faithful. But 9 T Ã is not scale preserving, because by construction there exists an element f P AE t A such that 9 T Ã f a P fxY y j xY y b 0g f0Y 0g AE t B.
Example 3.7. [9 0 does not factorize] Let B be the CAR-algebra M 2 I and let A CT. Let 9 0 X K 0 A 3 K 0 B be the unique order unit preserving, positive map. Choose three different elements ! 1 Y ! 2 Y ! 3 P T and define 9 T Ã X Aff T A 9 C R T 3 Aff T B 9 R by g U 3
3 i1 x i . Therefore, in particular, 01Y 0Y 0 P Aff T B n &K 0 B 9 R n Z 1 2 . But then it follows, that there does not exist any positive, order unit preserving map 0 0 X K 0 AaI 9 T 9 Z 3 3 K 0 B, compatible with 0.
Example 3.8. [9 0 factorizes but É does not^K 1 -obstruction] Choose B P c T simple, infinite dimensional and with only one trace (e.g. B could be an irrational rotation C Ã -algebra ) and set A CT. By Theorem 1.3 of [2] , RRB 0 and from [3] and Theorem 2 of [10] 
T Y É is compatible and, because K 0 A 9 K 0 AaI 9 T , we have that 9 0 factorizes through K 0 AaI 9 T in a way compatible with 9 T . But, because É 22 is non-zero and K 1 AaI 9 T 0, É cannot factorize through UAaI 9 T aDUAaI 9 T .
Example 3.9. [9 0 factorizes but É does not^cross map obstruction] Let X be a compact metrizable space, which is not the one-point set. Let B P c T be simple with K 0 B Q as a partially ordered dimension group with order unit 1 and with Aff T B C R X as order unit space with unit the constant function 1. Such an algebra exists by Theorem 4.2 of [23] . Set A CT. Let 9 0 X K 0 A 3 K 0 B be order unit preserving and let 9 T Ã X C R T 9 Aff T A 3 Aff T B be the scale preserving map g U 3 g1. Then it follows that 9 T Ã À Aff T A Á &K 0 B, and thus that e 9 X Aff T Aa&K 0 A 3 Aff T Ba&K 0 B is the zero map. Since RRB T 0, it follows from Theorem 1.3 of [2] that we can choose a non-zero element y P Aff T Ba&K 0 B. Let É X C R TaZ È Z 9 UAaDUA 3 UBa DUB be the homomorphism z 1 Y z 2 U 3 z 2 Á yY 0. Then the tuple 9 0 Y 9 T Y É is compatible. Moreover, 9 0 factorizes in a way compatible with 9 T and so does É 22 at the level of K 1 . But, because K 1 AaI 9 T 0,0 0 and É 12 T 0, É cannot factorize in the desired way.
Finally it should be emphasized that Theorem 3.3 cannot be extended to the case of B being finite dimensional, as can be seen from the following example.
Example 3.10. Let A CT and B M n . Let 9 0 X K 0 A 3 K 0 B be the map defined by 1 U 3 n (the only possible order unit preserving, positive map). Let 9 T Ã X Aff T A 3 Aff T B be the map f U 3
T f d", where
T denote the Lebesgue Measure. Then 9 T Ã is scale preserving and faithful. Choose a homomorphism P Hom À ZY T Á and define É X UAa DUA 3 UBaDUB as the homomorphism É 11 e 9, É 22 0 É 21 and É 12 . Then the tuple 9 0 Y 9 T Y É is strongly compatible. But, because 9 T Ã is faithful, there is no chance of realizing it from a Ã-homomorphism A 3 B.
A unital C Ã -algebra , which is isomorphic to an algebra of the form
where X j P f0Y 1Y TgY j 1Y Á Á Á Y K, and G is finite dimensional, will be called a circle-quotient. Given a Ã-homomorphism 9 X A 3 B between two circlequotients, then we set mult 9 minfa ij j iY jgY where a ij ij is an integer matrix representing the map 9 0 X K 0 A 3 K 0 B. In order to prove Theorem 3.3 we will need the following two lemmas . Lemma 3.11.
(1) If A P c T , then A can be realized as the inductive limit of a sequence of circle-quotients with injective connective Ã-homomorphisms .
(2) If A P c T , then so is any quotient AaI of A.
Proof. Given A P c T and I A an ideal (possible the zero-ideal). Let fA n Y " n g be the generating sequence of A. Setting I n " À1 IYn IY n P N, then AaI lim À3 fA n aI n Y n g, where the connecting Ã-homomorphisms are all injective. Using Lemma 1.3 of [16] , it is straightforward to prove that for any finite subset F AaI and b 0, there exists a unital C Ã -subalgebra B AaI such that B is a circle-quotient and F B (cf. the proof of Theorem 1.1 of [16] ). Now, from Lemma 1.4 of [16] , which easily is seen also to be valid with our definition of a circle-quotient, it follows that AaI is the inductive limit of a sequence of circle-quotients with injective connective Ã-homomorphisms. If I 0, this yields (1) . (2) follows from the fact that any inductive limit of a sequence of circle-quotients also can be realized as an inductive limit of a sequence of circle algebras. 
Proof. This can be proved by mimicking the proofs of Lemma 4.2 and Corollary 4.3 of [16] , using Theorem 2.1 of [21] (the Krein-Milman Theorem for Markov Operators) on Markov operators : C0Y 1 3 CT, and Lemma 4.1 of [16] .
Thanks to Lemma 3.2 and Lemma 3.11 it is possible to prove Theorem 3.3 using exactly the same method as in the proof of Theorem A of [16] .
Proof of Theorem 3.3. From Lemma 3.2 and Lemma 3.11 it follows that we can assume that 9 T Ã and 9 0 both are faithful, and that A is the inductive limit of a sequence of circle quotients with injective connecting Ã-homomorphisms. Let fA n Y " n g be a generating sequence of A. By assumption B is infinite dimensional, and therefore, since it is simple and in c T , approximately divisible by Theorem 2 of [10] . Let fB n Y & n g be a generating sequence of B.
Proceeding as in the proof of Theorem A of [16] , we start by proving the following two assertions. Assertion 1. For every n P N, any finite subset F & Aff T A n and any b 0 there is an m P N and
Proof. The proof of Assertion 1 of [16] applies when the simplicity of A used there, is replaced by the fact that because B is simple, then for any nonzero projection p P B there exists a 0 b 0 such that p b 0 . Assertion 2. For any n P N, any finite subsets F 1 & Aff T A n and F 2 & UA n aDUA n and any b 0. There is a k P N and a unital Ã-homomorphism 2 X A n 3 B k such that
Proof. Let fÁg denote the one-point set. Then [16] , every element x P UA n aDUA n has a unique representation
where a x P Aff T A n a&K 0 A n and k
For each y P F 2 choose a b y P Aff T A n such that qb y a y . Set F 3 F 1 fb y j y P F 2 gX Let 0``2 be very small; how small is to be specified below. Using Assertion 1, Lemma 3.12, and the fact that B is approximately divisible, it is possible to find a k P N and a unital Ã-homomorphisms Let I X È dPi CX d M n d 3 A n and j X È dPj CT M n d 3 A n be the inclusions into the appropriate summands, and let % i X A n 3 È dPi CX d M n d and % j X A n 3 È dPj CT M n d denote the corresponding projections. Consider the Ã-homomorphism 2 3 2 2 j X % j A n 3 B k X Then, since 9 0 is faithful and " IYn is injective, (5) implies that 2 3Ã is faithful on K 0 % j A n . Because B is simple, we can assume that (if necessary by increasing k)
and that UB k aDUB k contains elements
From Lemma 3.1 of [20] it follows that for any D P c T we have that DU 0 D U 0 D DUD. Combining this with Proposition 2.4 of [22] one gets that with
The distance in UBaDUB from the element & IYk 2 y to the element
is by (7) less than Á dPj jk y d j. Further, the distance between this element and the element É "
IYn y is equal to the distance
which by Lemma 3.1 of [16] is equal to
which again is smaller than je 2%i3 À 1j provided that 3`1 2 . It follows that if b 0 is chosen such that 3`1 2 and
and the proof of the assertion is completed.
Construction of the Ã-homomorphism . We are now ready to construct a unital Ã-homomorphism 2 X A 3 B with the desired properties. As usual this is done by establishing an approximate intertwining in the sense of Elliott (cf. Theorem 2.2 of [8] ).
Choose finite subsets
IYn G n are dense in Aff T A and UAaDUA, respectively. Choose a sequence n n Y n b 0, such that k!a À ak`2 Àn V a P nÀ1 k1 " nYk cgA k cgA n Y whenever Y ! X A n 3 B are unital Ã-homomorphisms satisfying that k!a À ak n V a P cgA n X We will construct sequences m 1`m2`m3`Á Á Á in N and unital Ã-homo-
Having done this, it is standard to check, cf. Theorem 2.2 of [8] , that the unital Ã-homomorphism 2 X A 3 B, defined by
is well-defined, and has the desired properties. The sequences are constructed by induction in the very same manner as in the proof of Theorem A of [16] n amely using Assertion 2 together with the uniqueness theorems for Ã-homomorphisms between the various building blocks. First we need to introduce some notation; Given n P N, 
In order to make the induction work (and in particular to obtain (1)), we have to impose the following conditions:
There are integers r k Y t k P NY t k b 12 and numbers k b 0 such that À 28
Where the functions f j g and f$ 
Then choose 1 b 0 such that homomorphisms into simple limits of circle algebras
This is possible because B is simple and 9 T Ã d " IY1 is faithful and scale preserving. By Assertion 2, there exist an m 1 P N and a unital Ã-homomorph-
Thus, if necessary by increasing m 1 , we can obtain (2)^ (4) and (6)^ (10) for k 1. Now assume that m 1`m2`Á Á Á`m n , r 1`r2`Á Á Á`r n , t 1`t2`Á Á Á`t n , f i j 1 i ng and f2 i j 1 i ng have been constructed fulfilling (2)^(4) and (6)^(10) for all k n. Let us then prove, that we can construct m n1 Y r n1 Y t n1 Y n1 and 2 n1 X A n1 3 B m n1 fulfilling not only (2)^(4) and (6)^(10) but also (1) . Choose b 0 such that (9) and (10) still are valid with t À2 n replaced by t À2 n À and with n replaced by n À , respectively. Let r n1 Y t n1 and n1 be chosen as in the case of k 1, using that 9 T Ã d " IYn1 is faithful and scale preserving. By Assertion 2 find an m n1 P N and a Ã-homomorphisms 0 X A n1 3 B m n1 satisfying that & IYm n1 Ã 0 Ã 9 0 " IYn1 Ã on K 0 A n1 , and
where J n1 is defined analogously to J 1 . Then, if necessary by increasing m n1 , we get that (2)^(4) and (6)^(10) are satisfied for 2 n1 0. Moreover by (11)^(12) we can assume that Ã-homomorphism A 3 B, when A and B are C Ã -algebras from the class c T . In [8] , Elliott proved that for algebras in c T of real rank zero, then such a lift does always exist. For the larger class of all AD-algebras (inductive limits of sequences of finite direct sums of circle -and/or dimension drops algebras) of real rank zero, Dardalat and Loring in [6] proved that any isomorphism on the level of K-theory lifts, when the algebras are simple (this was later shown by Eilers to be true even when the algebras have at most finitely many ideals, cf. [7] ). But Dardalat and Loring also gave an example to the fact that for non-simple AD-algebras of real rank zero a lifting from K-theory alone is not always possible, cf. [6] .
For AY B P c T , A being simple and B approximately divisible, the question of whether a positive homomorphism 9 0 Y 9 1 X K Ã A 3 K Ã B can be lifted to a Ã-homomorphism A 3 B is equivalent to the question of whether, for a given positive, order unit preserving homomorphism 9 0 X K 0 A 3 K 0 B, there exists an affine, continuous map 9 T X T B 3 T A, compatible with 9 0 . Because given two such compatible maps 9 0 and 9 T , then for any homomorphism 9 1 X K 1 A 3 K 1 B the tuple 9 0 Y 9 T Y É is compatible, if we set É 12 É 21 0, É 11 e 9 and É 22 9 1 . So, by Theorem A of [16] , there exists a unital Ã-homomorphism A 3 B realizing 9 0 Y 9 1 .
Let D be a unital inductive limit of a sequence of finite direct sums of C Ã -algebras of the form CX M n , where X is a compact Hausdorff space. Then the trace state space T D and the state space of the K 0 -group SK 0 D are both Choquet simplexes by [23] . The pairing map r D X T D 3 SK 0 D is continuous and surjective, by [4] and [13] , since D is exact. Moreover from [23] we know that r D is extreme point preserving,
The following proposition is an immediate consequence of Lazar's Selection Theorem, Theorem 3.1 of [15] . Proof. By assumption, r A X T A 3 SK 0 A is an affine, continuous, surjective, open map between Choquet simplexes. From Theorem 3.1 of [15] it follows that there exists a continuous, affine map s X SK 0 A 3 T A such that r A s id Su H e . Let 9 Ã 0 X SK 0 B 3 SK 0 A be the dual map of 9 0 . The assignment 9 T s 9 0 Ã r B defines a continuous, affine map T B 3 T A compatible with 9 0 . of its extreme points d e ! À1 # e 2%it ! À1 # e 2%it d e M 1 0Y 1 f t g. Whence it follows that 9 T # e 2%it t V t P 0Y 1 . But then by continuity 9 T has to map # 1 to both 0 and 1 , a contradiction. Hence id X K 0 A 3 K 0 B cannot be lifted to a unital Ã-homomorphism A 3 B.
Unitary Elements
Theorem 2.1 and Theorem 3.3 in hand, we are able to give sufficient and necessary conditions for two unitaries in a simple C Ã -algebra from c T to be approximate unitary equivalent. When the algebra in question is of real rank zero, these conditions reduces to the conditions given by Elliott in Theorem 3, (iii) of [11] .
Theorem 5.1. Let B P c T be simple and infinite dimensional. Given unitaries UY V P B, then U and V are approximate unitary equivalent in B if and only if
(1) f U f V for all P T B and f P CTY R.
(2) QU QV , i.e. the unitaries have the same class in UBaDUB. Furthermore if RRB 0, then condition (2) reduces to the condition that the unitaries should have the same class in K 1 B. Conversely if RRB T 0 then for any unitary U P B with spU T, there exists a unitary V P B such that U and V satisfy (1) and have the same class in K 1 B, although U and V are not approximate unitary equivalent.
Proof. The necessity of the conditions is obvious. Given two unitaries UY V P B, we define unital Ã-homomorphisms 9 U Y 9 V X CT 3 B by the assignment 9 U f f U and 9 V f f V for all f P CTX Now if the pair UY V satisfies condition (1) and (2), then it is easy to see that 9 U and 9 V satisfy the conditions in Theorem 2.1. Whence it follows that 9 U and 9 V are approximate unitary equivalent, and so, in particular, are U and V .
By Theorem 2 of [10] , B is approximately divisible, since simple and infinite dimensional. Therefore, by [3] , RRB 0 if and only if &K 0 B Aff T B. So when RRB 0, the group Hom À ZY Aff T Ba &K 0 B Á is trivial. Thus given any Ã-homomorphism 2 X CT 3 B, the homomorphism 2 is uniquely determined by the maps e 2 and 2 1 . This, applied to the Ã-homomorphisms 9 U Y 9 V together with Theorem 2.1, yields that condition (2) reduces in the described way. Conversely, assume that Aff T Ba&K 0 B contains more than the trivial element. Given a unitary U P B with spU T, the Ã-homomorphism 9 U X CT 3 B is injective, so in particular the scale preserving map 9 U X C R T 3 Aff T B is faithful. Choose a non-zero element x P Aff T Ba&K 0 B and let X Z 3 Aff T Ba&K 0 B be the homomorphism defined by 1 U 3 x. Now let É X UCTaDUCT 3 UBaDUB be the homomorphism defined by the decomposition É 11 f 9 U , É 22 9 U 1 , É 12 9
U 12 and É 21 0. Then the tuple 9 U 0 Y 9 U Ã Y É is strongly compatible. Hence, by Theorem 3.3, there exists a Ã-homomorphism 2 X CT 3 B, such that 2 Ã 9 U Ã and 2 É. V 2(id is the desired unitary.
Remark 5.2. When, in Theorem 5.1 above, one of the unitaries does not have full spectrum, then condition (1) implies condition (2) .
